A martingale problem for pseudo-di erential operators on in nite dimensional spaces is formulated and the existence of a solution is proved.
Introduction
The purpose of this paper is to formulate and solve a martingale problem for pseudo-di erential operators on in nite dimensional state space. We thus provide a routine machinery to construct (non-trivial) in nite dimensional processes which are merely c adl ag and have not been obtained before by other means. We emphasize, however, that this work is only on existence of solutions to these martingale problems, not on uniqueness. The uniqueness, which is known to be already extremely di cult in in nite dimensions if we are merely dealing with "di erential" (i.e., local) operators, will be studied in a forthcoming paper.
The state spaces E treated here are duals to countably nuclear spaces and the de nition of a pseudo-di erential operator p( ; D) on E is taken from Hr82, Hr87] . There are several possibilities to introduce pseudo-di erential operators in in nite dimensions. One of them is based on the idea to use Fourier transforms of measures as test functions. The approach to Feynman integrals developed in AH-K76, AH-K77] was based on this idea. Earlier in Fom68] in nite-dimensional di erential operators were considered in the framework of the duality between spaces of functions and spaces of measures (replacing the nite-dimensional duality between the Schwartz test function space S and its dual S 0 ). This latter approach was then further developed by several authors. The most convenient version for us is that due to A. Yu. Hrennikov (cf. Hr82] and also Hr87] and the references therein). In particular, the domain of p( ; D) is hence a space of Fourier transforms of measures. Thus one can avoid the use of a reference measure, as Lebesgue measure is in nite dimensions (which does not exist on our state space E if dimE = 1). We refer to Sections 1 and 2 for precise details, but emphasize here that it de nitely is a natural and direct way to extend the de nition of a pseudo-di erential operator to in nite dimensions. A further justi cation for this from a probabilistic point of view is given by the results of this paper.
The existence of the solution to the martingale problem for p( ; D) on E is then proved in Section 3. We thus extend fundamental work of D.W. Stroock (cf. St75] ) and, in particular, the more recent work by W. Hoh (cf. H92, H94a] ). The problems in the proof arise in part from the nonmetrizability of E and hence of D E (i.e., the space of c adl ag paths from I R + to E equipped with the Skorohod topology). But here we bene t a lot from the tightness results in M83] resp. J86], i.e., the characterization of tightness of laws of c adl ag processes on E in terms of tightness of the laws of their "one-dimensional component processes". By these results the approximation method in H92, H94a] can be shown to extend to the in nite dimensional case. We particularly concentrate on the problems which arise from the measure theory on D E which a priori is much more di cult than that on D I R n (but was well-analyzed in J86]). Another substantial di culty we had to face in our proof is the lack of "localizing" functions on E with uniformly bounded images under p( ; D). The existence of such functions is crucial in the proof of Hoh (cf. H92, Lemma 2.10]) in the case E = I R n . We overcome this di culty by proving the existence of suitable localizing functions for "one-dimensional components of the processes" (cf. Claim 1 in Section 3) which turns out to be su cient. Finally, it should be emphasized that the reduction to one-dimensional components in order to prove tightness according to M83], J86], unfortunately does not take us back to the nite (or even one-) dimensional situation which was solved in H92, H94a] . The reason is that these components do not solve a one-dimensional martingale problem, since the operator p( ; D) obviously introduces interactions between the di erent components and since the underlying ltration (F t ) t 0 has to be the one generated by the full process and not the one generated by the respective component. Proof. see Let A : E 0 ! I R + satisfy (A1){(A3), let p be an A-symbol and a probability measure on B(E). By a solution to the martingale problem for (?p( ; D); L A ) with initial measure we shall mean a probability measure P on (D E ; F 1 ) such that (i) (X 0 ) P(:= P X ?1 0 ) = .
(ii) For each ' 2 L A ,
is a P-martingale with respect to the ltration (F t ) t 0 . 6 3 The existence theorem it follows that fP k jk 2 I Ng is relatively compact w.r.t. the weak topology. Since M 1 (D E ) is Lusin (cf. Sch73, Theorem 7, p. 385] ) and since, therefore, by Sch73, Corollary 2, p. 106] fP k jk 2 I Ng is metrizable, there exists a subsequence of (P k ) k2I N , again denoted by (P k ) k2I N for simplicity, such that it converges weakly to some probability measure P on F 1 (cf. J86, Theorem 4.6(ii)]). Remark 3.5 The reader should note that under some reasonable assumptions the main result of this paper has a natural extension to the case where E is replaced by an abelian topological group.
